The prosperous of nano-photonics benefits from the enormous design space of three-dimensional subwavelength structures. Here we work out the space group constraints on photonic dispersions for all 230 space groups with time-reversal symmetry. We extend the group and band theory to treat the unique singular point of photonic bands at zero frequency and wavevector, which distinguishes photonic band theory from the standard electronic counterpart. The results are tabulated in terms of minimal band connectivities at zero (M ) and non-zero frequencies (M ). Topological band degeneracies are guaranteed to be found in the space groups that do not allow band gaps between the second and third photonic bands (M > 2). Our work provides theoretical guidelines on the choice of spatial symmetries for electromagnetic designs with periodicity.
Introduction. -A photonic system with translational symmetry can be described by a band structure that shows the frequency spectrum as a function of the lattice momentum. A band gap is one of the most prominent features in a band structure where the density of states vanish. The position of the band gap, whether two neighboring bands can separate or not, are highly constrained by the symmetries of the underlining lattice. Similar band-filling constraints on electronic band structures have been recently studied for space groups [1] [2] [3] . However, these results are only translatable to photonics for nonzero-frequency bands. Because, as illustrated in Fig. 1 , dielectric photonic crystals have an intrinsic band singularity at zero frequency and zero momentum (ω = | k| = 0), where the two gapless photonic modes originate and the regular group and band theory fails. Systematic understanding of whether these two lowest-frequency modes can be separated from the rest higher-frequency ones for all 230 space groups in the presence of time-reversal symmetry, as we explained in the main text and tabulated in three tables (S1,S2,S3) in Appendix, are important for photonics.
Motivations. -The study of photonic crystals [4] [5] [6] begins with the search for three-dimensional band gaps. The first example of band gaps [7] was found between the second and third bands in the diamond lattice (space group 227) and it remains the largest band gap in dielectric photonic crystals ever since [8] [9] [10] [11] . (Hereafter we will refer to a space group by the number in the International Tables for Crystallography [12] in the bold italic face.) It is reasonable that the largest gap opens between the lowest bands, because the density of states are the lowest there. In this paper, we demostrate that 227 is actually the highest space group (most symmetric) that allows the separation between the second and third bands. This justifies why no band gap larger than that of diamond has been found using dielectrics.
Topological photonics [13, 14] started by realizing that photonic band structures can be distinct in their global configurations of wavefunctions below the band gap. So the general condition for band gaps are necessary for the search for topological band gaps. In addition, topological band degeneracies such as Weyl points [15] , guarantee the absence of gap openings. Our results summarised in Table S3 predict the specific space groups where such topological crossings (Weyl points, nodal lines and 3D Dirac points) are to be found between the second and third bands, which are the lowest bands between which those degeneracies can be be frequency-isolated.
Practically, the lowest-frequency dispersions are also most forgiving for fabrication imperfections due to their long wavelengths. They are also most useful for metamaterial designs, in which the long working wavelength warrants the homogenized effective material parameters.
In the rest of this paper, we first define the minimal band connectivities (M and M ) and layout the methodology for finding them. We then translate the electronic results to obtain M . Next, we show how the band singularity can fit into our theory and work out M for two space-group examples. Finally, we summarize the results, compare them with the existing literature and outlook further directions.
Minimal connectivity: M and M . -Minimal band connectivity is the key quantity to be worked out in this paper. They represent the minimal number of bands that have to connect (degenerate at some point) [16] with each other due to space and time symmetries. M is the minimal connectivity at zero frequency and momentum (ω = | k| = 0). Obviously M ≥ 2 for dielectric photonic crystals due to the existence of the two gapless modes, which we examine later in the pa-per. M is the minimal number of bands separable from the zero frequency and M ≥ 1. Here, separation between bands means that the bands are not degenerate in the whole Brillouin zone.
We note that although our results of space-group constrains on M (Table S1) can be directly applied to photonic crystals containing metals (metamaterials for example), the results of M (Table S2 and S3) can only be applied to dielectric structures. It is known that a bulk metal has a frequency gap below its plasmon frequency, where its dielectric constant is negative. In addition, the zero-frequency behavior of metallic networks is more complicated [17, 18] .
Compatibility and t-sub/supergroup relations. -We analyze the value of M and M for each space group by working out its compatibility relations and examining its tsub/supergroup relations. These principles are valid regardless of the details of the system. The compatibility relation, reviewed in Appendix D, is the relation between the little group representations at high-symmetry momenta of the Brillouin zone; it has to be globally consistent when the representations evolve continuously on the band dispersions. M and M are the minimal number of bands that can satisfy the compatibility relations. We note that compatibility relations are only a necessary condition for complete band isolation, because it only concerns the representations of high-symmetry momentum points, lines or surfaces. Topological degeneracies of Weyl points and nodal lines can take place at general momenta.
Translationengleiche super/subgroups (t-super/subgroups in short) are super/subgroups in which translation symmetries are preserved while other group elements are added/removed. The identical translations imply the same Brillouin zone structures for the compatibility relations. Intuitively, a higher symmetry (t-supergroup) implies a larger band connectivity and, conversely, a lower symmetry (t-subgroup) implies a smaller the values of M and M . For example, if a space group allows M = 2, all its t-subgroups have M = 2. Likewise, if a space group has M > 2, all its t-supergroups have a connectivity greater than or equal to M .
Space-group constrains on M . -Recently, the similar approach has already been applied to the spinful electronic band structures by Watanabe et al. [1] , in which the possible connectivities of bands are determined for all space groups. Our M values can be readily obtained by halving the M value in Ref.
[1] (labeled ν in Table S2 of Ref. [1]) to take into account the lack of spins in the photonic problem. We tabulated the photonic M results in Table S1 in Appendix. For symmorphic space groups, M = 1 due to the existing of 1D representations. For nonsymmorphic space groups in Table S1, M ≥ 2 due to the band sticking for screws and glides. This table applies to any bosonic band structures.
It is important to note that M = M in general. For example, the single gyroid (214) has a band gap between the second and the third bands [15] (i.e., M = 2). However, according to Table S1 , M = 4 for this space group. This apparent mismatch motivated us to revisit the band theory for photonic crystals. The key difference lies at the photonic singular point at Γ.
Singularity at zero. -Maxwell's wave equation do not have a converging eigen-solution right at ω = | k| = 0. This singular point does not form a representation of the symmetries of the system, where the standard band theory and group theory fail. In comparison, electronic bands do not have any singularities. Phonons also disperse linearly at zero, but it has a converging solution with three branches representing a vector in three dimensions [19] . In contrast, photon only have two transverse gapless branches -the longitudinal flat band is not a solution to Maxwell's equations.
Fortunately, anywhere away from the singular Γ point, representations can be assigned to the two gapless dispersions. We argue that, in dielectric photonic crystals, they transform the same way as plane-waves under spatial symmetries. This can be understood in a thought experiment in which we adiabatically increase the dielectric constant from free-space unity to any positive values in any volume in space, while maintaining the spatial symmetries during the whole experiment. In this adiabatic process, the dispersion curves move but their symmetry representations shall never change.
Consequently, the two gapless photon dispersions have the same symmetry eigenvalues as the plane waves of uniform vectorial electric fields (or pseudo-vectorial magnetic fields) in the plane perpendicular to the wavevectors. The symmetry eigenvalues are e i 2π n and e −i 2π n for a n-fold rotation and +1 and −1 for a mirror along each high-symmetry line around ω = | k| = 0. We use these rules to work out M .
Space-group constrains on M . -Here we use two sets of examples (nonsymmorphic and symmorphic) to explain how we applied the above photonic band theory to work out their compatibility relations and M values for 230 space groups. Complete results are detailed in the Appendix and tabulated in S2 (M = 2 allowed by compatibility) and Table S3 (M > 2). Nonsymmorphic examples of M > 2. -In the presence of a screw or a glide symmetry, it is known that an odd number of bands cannot be isolated from others by a full band gap; the minimum number of isolated bands is two. In the case of the lowest energy bands of a photonic band structure, we can in fact show a stronger statement. Below we demonstrate quite generally that the screw symmetry can protect crossing of the lowest four bands somewhere along a high-symmetry line (i.e., M = 4), while a glide symmetry cannot.
Space group 4 (P 2 1 ) is one of the simplest nonsymmorphic space group containing only identity and a two-fold screw rotation. Let S 2z be the screw rotation bringing (x, y, z) to (−x, −y, z + 2 = T z = e ikzc is just the unit lattice translation (T z ) in z, the eigenvalues of S 2z are ±e ikzc/2 . We thus have two 1D representations at Γ with eigenvalues ±1 and at Z with screw eigenvalues ±i. Moreover, the factor of 1 2 in the exponent implies that the eigenvalues flip sign when k z translates 2π c along the screw axis. As a result, a branch with the +e ikzc/2 eigenvalue must cross with another branch with −e ikzc/2 somewhere along this line. Therefore, the connectivity of isolated bands must be even. This is how the screw (or glide) symmetry protects crossing of even number of bands in general. In the presence of the time-reversal symmetry, the crossing point is fixed to be the Z point where the eigenvalues are pure imaginary and make a complex-conjugate pair. Now we apply the knowledge of the band representations of the two gapless dispersions around Γ and know that they flip signs under the π-rotation (180 degrees) part C 2z : (x, y, z) → (−x, −y, z) of the screw S 2z , same as the planewave solutions. This means both dispersions share the same screw eigenvalue −e ikzc/2 . In the way illustrated in Fig. 2(a) , we see that a total number of four bands cross each other, resulting in a linear crossing between the second and the third bands. The same conclusion holds in any space group that contains 4 as a t-subgroup. If the supergroup is centrosymmetric, the crossing is a nodal line; otherwise, it is a Weyl point as in 4.
Space group 7 (P c) also contains only two operations: the identity and a glide reflection. Unlike the screw, the glide symmetry does not protect crossing of four bands. To see this, let G z be the glide operation transforming (x, y, z) to (x, −y, z + c 2 ). The eigenvalues of G z along the line Γ-Z are ±e ikzc/2 , same as S 2z , since (G z ) 2 = T z = e ikzc . However, in the case of the mirror part M z : (x, y, z) → (x, −y, z) of G z , only one of the two gapless photons flips sign and the other does not. Therefore, a complete band gap can open between the second and the third bands as shown in Fig. 2(b) .
Symmorphic examples of M > 2. -A similar but slightly more nontrivial argument proves that a band gap be- tween the second and the third bands can be prohibited even for symmorphic groups. The canonical example is given by 23, for which the lowest position of a complete photonic gap is between the third and the fourth bands, i.e. M = 3, as we explain below.
Space group 23 (I222) has three π-rotations C 2α about α = x, y, and z axes besides the lattice translations defined by the primitive lattice vectors a 1 = 
does not vary on the momentum line along the rotation axis, unlike the screw or the glide symmetries discussed in the nonsymmorphic section.
Let us first focus on the line 
has the C 2y symmetry and −1 eigenvalues of C 2y along this line. The line connecting Γ to X 3 = (0, 0, 2π c ) is also similar. Now, note that X 1 , X 2 , and X 3 are actually the identical point in the Brillouin zone, since X 1 − X 2 = b 2 − b 1 , for instance, is a reciprocal lattice vector. We call this point X (= X 1 = X 2 = X 3 ) and there are three inequivalent lines connecting Γ to X. They have different symmetries and produce independent conditions on the symmetry eigenvalues of the gapless dispersions.
The X point has all the three π-rotations. They form the multiplication rules C 2x C 2y = C 2z and (C 2α ) 2 = 1. Therefore, each band at X can be classified into one of the four 1D irreducible representations labeled by (ζ x , ζ y , ζ z ) with ζ z = ζ x ζ y . However, as we have shown just now, both of the two gapless photons have the eigenvalues ζ x = ζ y = ζ z = −1, which cannot fulfill ζ z = ζ x ζ y by themselves. Therefore, there must be at least one more band that supplies the +1 eigenvalues. There are several possibilities how these bands cross and we showed one possible pattern in Fig. 3 .
In the 23 (I222) example, X 1 = X 2 = X 3 is a property of the body-centered lattice. In contrast, other symmor- Table S2 . Space groups possible of M = 2. -Similar to the analysis done for space group 7 in Fig. 2(b) , we determined that a band gap at M = 2 is not forbidden by the compatibility relations for 104 space groups out of the total 230 space groups in 3D. All 104 space groups are the t-subgroups of at least one of the 16 key space groups underscored in the above list. Their super and subgroup relations are tabulated in Table S2 in Appendix. We worked out the compatibility relations allowing a M = 2 gap for the 16 key groups (tabulated in Appendix). Consequently, all their t-subgroups must allow M = 2, since reducing symmetry reduces the band connectivity and two is the lowest band connectivity of M .
Our results are consistent with the photonic crystals of known band gaps between the second and third bands. For example, the three space groups of most symmetries are diamond (227) [7] , simple cubic (221) [20] and single gyroid (214) [15] of M = 2.
To verify our prediction, we provide a new example of space group 131 (P 4 2 /mmc) having M = 2. Its band structure and density of states [21] are plotted in Fig. 4(a) , showing a full band gap between the lowest dielectric bands. We note that 131 is just one space group in Table S2 where new photonic band gaps can be found.
Space groups of M = 2. -In a similar way as as we analyzed the space group 4 and 23, one can prove that a band gap between the second and the third bands is not allowed, by the compatibility relations, for the rest 126 space groups:
4 188, 190, 192, 193, 194, 197, 198, 201, 202, 204, 205, 206, 208, 209 These 126 space groups are the t-supergroups of at least one of the 22 key space groups underscored in the above list. Their super and subgroup relations are tabulated in Table S3 . We worked out the obstruction in having M = 2 for the 22 key groups, tabulated in Appendix. Consequently, their supergroups must have an higher M values, since increasing symmetry increases the band connectivity.
Our results are consistent with the band structures of known photonic crystals in which no band gaps were found between the second and third bands, such as the hexagonal close packing (194) [22] , tetrahetral (224) [23] , faced-centeredcubic (225) [24] , body-centered cubic (229) [25] and double-gyroid (230) [15] dielectric photonic crystals.
To verify our prediction, we provide a new example of space group 223 (P m3n) having M > 2. Shown in Fig. 4 , the lowest two bands cannot be gapped; they participate in forming a six-fold degeneracy at R that is the highest degeneracy protected by a space group for bosons. This is a new type of topological band-crossing point beyond the Weyl and Dirac points [26] [27] [28] , which is the current interest for topological physics. We note that 223 is just one of the space groups in Table S3 , in which such degeneracies are ensured along high-symmetry momenta between the second and third bands. They are the ideal space groups to find and study topological degeneracies due to the possibility for frequency-isolation and the ease for fabrication compared to the high-frequency band features. Importantly, gapping these topological degeneracies by lowering the symmetry can generate topological band gaps and interfacial states in 3D [29] [30] [31] .
Outlook.
-Our work provides a systematic examination of photonic band theory for 230 space groups, which has been lacking since the discovery of photonic crystals. The tabulated results in Table S1 (M ), Table S2 (M = 2) and Table  S3 (M = 2) provides insights for photonic designs with periodic elements.
Further researches are expected towards a more exhaustive knowledge of photonic dispersions. For example, compatibility is only a necessary condition to determine band connectivity. M > 2 values can be further pinpointed for all space groups in Table S3 . In instead of the minimal connectivities, all possible intrinsic band connectivity values can be worked out. The zero-frequency behavior of metallic photonic crystals are unclear.
We 
TABLE S2. List of 104 space groups that a band gap between the second and the third bands (M = 2) of a time-reversal invariant dielectric photonic crystal is not forbidden by the compatibility relations. They are listed according to their 16 supergroups. P means centrosymmetric space groups (with inversion) and S means symmorphic space groups. C. Space groups of M > 2 (Minimal connectivity of zero-frequency bands) Consider a crystal with a space group G. An element g ∈ G maps r = (x, y, z) to p g r + t g where p g ∈ O(3) is a 3 by 3 orthogonal matrix. For each k in the Brillouin zone, we define the little group G k = {g ∈ G | p g k = k mod G} that changes k only by a reciprocal lattice vector G = In the main text, we presented the proof for 4 and 23. Also, the argument in Ref.
Key group
[1] that disproves a full band gap at M = 2 can be applied to 73, 106, 110, 144, and 145, since the argument did not involve the singular point Γ. In the following, we will discuss the remaining 15 space groups.
103, 104, 158, 159, and 161
For these five space groups, the only line one should look at is the one connecting Γ and Z = (0, 0, π c ). (For 158 and 159 belonging to the hexagonal lattice, the Z point is called the A point.) There are several 1D representations and one 2D representation all the way along this line [32] , and the two gapless photons belong to the 2D representation because of the rotation eigenvalue. At the Z point, the 2D representation must appear twice to implement the time-reversal symmetry [32] , but that requires in total 4 bands. Therefore, M = 2 is prohibited.
To prove the absence of M = 2 band gaps by contradiction for the remaining space groups, we will assume a full gap between the second and the third bands and then derive a contradiction based on the wrong assumption.
67
The space group 67 (Cmme) belongs to the base-centered orthorhombic system with the primitive lattice vectors
The corresponding primitive reciprocal lattice vectors are
The space group is generated by a π-rotation C 2x , a screw S 2y , the inversion I,
and the lattice translations by a 1 , a 2 , and a 3 . The Γ = (0, 0, 0), Y = (0, Finally, we look at two lines connecting Z and T , (0, k y ,
2π a ]) symmetric under C 2x and S 2y I. By the conservation of the eigenvalues, we have
amd
The unique solution to these simultaneous equations are ξ i = 0, which violates ξ 2 i = +1. This is a contradiction.
69
The space group 69 (F mmm) belongs to the face-centered orthorhombic system with the primitive lattice vectors
The space group is generated by π-rotations C 2x , C 2y about x, y axes, the inversion I C 2x : (x, y, z) → (x, −y, −z),
and the lattice translations by a 1 , a 2 , and a 3 . The Γ = (0, 0, 0), X = ( (k x , 0, 0) , symmetric under C 2x , IC 2y , and IC 2z (C 2z ≡ C 2x C 2y ), demands that the two linear gapless modes have (i) two −1 eigenvalues of C 2x and (ii) one +1 and one −1 eigenvalues of IC 2y and IC π,z at X. Also, the line (0, k, k) between Γ and X + b 1 = (0, 2π b , 2π c ) requires that one of the two modes have one +1 and the other has −1 eigenvalue of IC 2x at X. This, in turn, means that the eigenvalue of C 2y of the two modes are the same. Therefore, both of the two modes have the same rotation eigenvalue (−1, ζ y , ζ z ) with ζ z = −ζ y = ±1 at X. One can derive similar conditions for the Y and Z points in the same way; i.e., (ζ x , −1, ζ z ) at Y and (ζ x , ζ y , −1) at Z There is also a line k = (
, which means that the eigenvalues of C 2y at X and Z are identical, ζ y = ζ y . Similarly, ζ x = ζ x and ζ z = ζ x . All in all, both of the two modes have the following eigenvalues of the three π-rotations,
Here, ζ α = ±1 must satisfy ζ y ζ z = −1, ζ z ζ x = −1, and ζ x ζ y = −1, but they cannot hold simultaneously. This is a contradiction.
85
The space group 85 (P 4/n) belongs to the primitive tetragonal lattice system with the primitive lattice vectors and the primitive reciprocal lattice vectors
(30)
The group is generated by c ) point, where G z and I generates the Z 2 × Z 2 symmetry. Note that G z and I do not commute at R; they satisfy G z I = T x T y IG z = −IG z where T x and T y are translations in x, y by a and hence take the value T x = +1 and T y = −1 at R. Their 2D representation is given by the Pauli matrix, which are traceless except for the identity.
Finally, we consider the line (k x , 0,
π a ]) connecting Z and R. The line is symmetric under G z . The eigenvalue −ξ of G z at Z becomes +ξ at R due to the nonsymmorphic nature of G z . However, this is still in contradiction since the 2D representation at R is traceless. Therefore, there must be at least two more bands that have the eigenvalues (C 4z , I) = (±i, −ξ) at Γ. In total four bands must cross with each other along Γ-Z-R.
87
The space group 87 (I4/m) belongs to the body-centered tetragonal lattice system with the primitive lattice vectors and the reciprocal vectors
(38)
The group is generated by
and the lattice translations. We have to look at two lines connecting Γ = (0, 0, 0) and Z = (0, 0,
, which requires that, just as in the case for 85, one of the two linear gapless modes has the eigenvalue (C 4z , I) = (+i, ξ) and the other has (C 4z , I) = (−i, ξ) (ξ = ±1) due to the time-reversal symmetry at Z. Hence, their eigenvalue of the mirror
is equivalent with Z), which is symmetric under the mirror M z . Therefore, the two modes must have one +1 and one −1 eigenvalue of M z . However, this contradicts with the fact that the two modes have the same eigenvalue −ξ of M z .
116
The space group 116 (P4c2) belongs to the primitive tetragonal lattice system [Eqs. (28)- (33)]. The group is generated bȳ
and the lattice translations. Consider the path from The argument for the space group 118 (P4n2) is more or less identical. The group also belongs to the primitive tetragonal lattice system [Eqs. (28)-(33)] and is generated bȳ
The path from Γ to A = ( The space group 117 (P4b2) belongs to the primitive tetragonal lattice system [Eqs. (28)- (33)]. The group is generated bȳ
and the lattice translations. Consider the path from Γ to A = ( There are four 1D representations and one 2D representation at A, and the 2D representation is inconsistent with the negative eigenvalue ofC 2 4z [32] . The four 1D representations at A are labeled by (C 4z , G y ) = (iξ 1 , iξ 2 ) with ξ 1 = ±1 and ξ 2 = ±1. Due to the time-reversal symmetry at A, the representation (iξ 1 , iξ 2 ) must come with (−iξ 1 , −iξ 2 ). But then they have the same eigenvalue −ξ 1 ξ 2 of G yC4z . This is in contradiction with our conclusion of the first path that the screw eigenvalues +1 and −1 come in pair at A.
120
The space group 120 (I4c2) has the same symmetriesC 4z , G y as 116 but belongs to the body-centered tetragonal lattice system [Eqs. (36)- (41)].
The P = (
) point is not time-reversal invariant, but still the time-reversal symmetry T has a nontrivial consequence. The P point is invariant under theC 4z symmetry and there are four 1D representations labeled byC 4z = λ (λ 4 = +1). Consider the combined symmetry T = T G y that preserves the P point modulo a reciprocal lattice vector. T is an anti-unitary symmetry that squares into (T ) 2 = G 2 y = T z = −1 at P . Therefore, the band structure always exhibits two fold degeneracy at P . Moreover, if |λ has the eigenvalue λ ofC 4z (i.e.,C 4z |λ = λ|λ ), then T |λ has the eigenvalue −(λ * ) 3 ofC 4z . Indeed,
Therefore, the representation λ always comes with −(λ * ) 3 . Namely, not only +i and −i are paired, but +1 and −1 are also paired under T . As a result, the generate two bands have the same eigenvalue ofC . Hence, the number of eigenvalues ±1 ofC 2 4z must be preserved along this line. However, there are one +1 and one −1 eigenvalues at X, but there are two +1 or −1 eigenvalues at P , provided the M = 2 gap. This is a contradiction.
201
The space group 201 (P n3) belongs to the primitive cubic lattice system [Eqs. (28)-(33) with c = a]. The group is generated by
Let us start with the line connecting Γ and R = ( The space group 208 (P 4 2 32) belongs to the primitive cubic lattice system [Eqs. (28)-(33) with c = a]. The group is generated by
There are two 1D, one 2D, and two 3D representations at R = ( have the momentum dependence of e ikya . Hence, the eigenvalues flip sign when moving from M to R. However, both of the two modes have the eigenvalue +1 of S 2 4y at M and R. This is a contradiction. We prove this by showing that there exists a tight-binding model that has the same symmetry eigenvalues as required for photonic band structures. These tight-binding models produce bands that are gapped in the entire Brillouin.
As the simplest example, let us look at 39 (Aem2) generated by
and lattice translations
There are several lattice structures consistent with this symmetry. Here we look at the one with a site at x 1 = (0, 0, 0) and another site at x 2 = (0, b 2 , 0) within the unit cell spanned by a 1 , a 2 , and a 3 . We put one p y orbital on each site and consider the tight-binding model of these two orbitals per unit cell.
Let us ask how these orbitals transform under the symmetry operations in order to determine the representation of the band structure of the tight-binding model. In particular, we are interested in the representation at the Γ point, where additional constraints are imposed for photonic crystals.
Under the C 2z symmetry, the p y orbital on the site x 1 just flips sign. The p y orbital on x 2 also flips sign and moves to x 2 − a 2 − a 3 . But since we are interested in the symmetry representation at the Γ point at which translations are all represented trivially, we can just neglect this position shift. Therefore C 2z is represented by −σ 0 (σ 0 is the identity matrix).
Under the G 2x symmetry, the p y orbital on x 1 and the one of x 2 interchange with each other. Hence, the representation of G 2x = σ 1 (σ 1,2,3 are the Pauli matrices).
The line (k x , 0, 0) is symmetric under the mirror G 2x C 2z represented by σ 1 (−σ 0 ) = −σ 1 . As required for photonic crystals, these two bands have one +1 and one −1 eigenvalue of the mirror. The line (0, 0, k z ) is symmetric under C 2z = −σ 0 . Again, as required, both of the two bands have the −1 eigenvalue of C 2z . One can verify the line (0, k y , 0) too. Hence, the band structure of this tight-binding model fulfills all the requirements of the symmetry eigenvalues imposed for phonic crystals.
More generally, lattices consistent with the assumed space group symmetry are classified by Wyckoff positions. In the above discussion of 39, we put a p orbital on each site of the Wyckoff position labeled a in [12] . Similarly, the tight-binding mode built from one p orbital of each lattice site of the Wyckoff position in Table S4 generates a band structure that satisfies all symmetry requirements for photonic crystals. Here we present the solution of the compatibility relations consistent with a M = 2 photonic gap. We list the trace of the irreducible representations tr[U K i (g)]. The symmetry element g is arranged in the order of Ref. [12] . In these tables,x means −x and " * " means that the momentum K is not symmetric under the corresponding symmetry operation.
For example, let us look at Table S8 . According to Ref. [12] , the group has eight symmetry elements in addition to the translations. The momentum K = S = ( 
where the numbers in parenthesis are assigned in Ref. [12] . At this momentum, the gapless photons belong to the 2D representation which is traceless except for the identity operation (1). Hence, in the entry of K = S in Table S8 , we have 2, 0, 0, and 0 for the symmetry elements (1), (2), (5), and (6), respectively, and " * " for (3), (4), (7), and (8). (1, ξ3, ξ2, ξ1, 1, ξ3, ξ2, ξ1) (1, ξ3, ξ2, ξ1,1,ξ3,ξ2,ξ1) , 0) (1, ξ2,1,ξ2, 1, ξ2,1,ξ2) (1, ξ2,1,ξ2,1,ξ2, 1, ξ2) X = ( (1, 1, * , * , * , * , * , * , * , * , * , * ,1,1, * , * , * , * , * , * , * , * , * , * ) (1,1, * , * , * , * , * , * , * , * , * , * ,1, 1, * , * , * , * , * , * , * , * , * , * ) P = ( (1, 1, 1, 1, * , * , * , * , * , * , * , * ,1,1,1,1, * , * , * , * , * , * , * , * ,ξ,ξ,ξ,ξ, * , * , * , * , * , * , * , * , ξ, ξ, ξ, ξ, * , * , * , * , * , * , * , * ) (1, 1,1,1, * , * , * , * , * , * , * , * ,1,1, 1, 1, * , * , * , * , * , * , * , * , ξ, ξ,ξ,ξ, * , * , * , * , * , * , * , * ,ξ,ξ, ξ, ξ, * , * , * , * , * , * , * , * ) R = ( 
